The geometric question concerns certain star bodies, called "semicrosses", which are defined as follows:
If k and n are positive integers, a (k, «)-semicross consists of kn + 1 unit cubes in R", a "corner" cube parallel to the coordinate axes together with n arms of length k attached to faces of the cube, one such arm pointing in the direction of each positive coordinate axis. Let K, the "semicross at the origin", be the semicross whose corner cube is [0,1]". Then every semicross is a translate of K; i.e. has the form υ 4-K for some vector υ.
A family of translates {v + K: v e H) is called an integer lattice packing if H is an ^-dimensional subgroup of Z n and, for any two vectors v and w in H, the interiors of v + K and w + K are disjoint. We shall examine how densely such packings pack R" for large k, and show that, for n > 3, this density is asymptotic to n sec m/n (For n = 1 or 2 the density is 1 for every k.)
This result contrasts with the already known result for crosses. (A (A:, «)-cross consists of 2kn 4-1 unit cubes, a center cube with an arm of length k attached to each face.) As shown in [Stl], for n > 2 the integer lattice packing density of the (k, «)-cross is asymptotic to 2n/k.
Preliminary matters.
Suppose M is a set of nonzero integers, G is an abelian group, and n is a positive integer. We say that M «-packs G if there is a set S c G such that \S\ = n and the elements ms with m e M and s ^ S are distinct and nonzero. Such a set S is called a packing set.
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Let S(k) = {I 9 ... 9 k} and F(k) = {±1,..., ±k). Then, as shown in [Stl], there is a relation between integer lattice packings by the (/:, «)-semicross (resp. cross) and ^-packings of finite abelian groups by S{k) (resp. F(k)). We now develop this connection. We will designate each unit cube in R" with edges parallel to the coordinate axes by its vertex with minimal coordinates. Thus K, the (k, «)-semicross at the origin, is the union of the kn + 1 cubes designated by(0,0,...,0),(*,0,...,0),..., and (0,...,0,0 with 1 < i < k.
Let H be an integer packing lattice for K, i.e. an ^-dimensional subgroup of Z n such that the interiors of υ + K for υ ^ H are pairwise disjoint. Let G = Z n /H, f: Z n -> G be the natural homomorphism, e i ^ Z n be the unit vector in the ith coordinate direction, and a t = f(e t ). Then it is easy to show that the kn elements ώ y with 1 < i < k and 1 <j<n are distinct and nonzero; that is, S(k) w-packs G with packing set{a l9 ...,a n }.
Conversely, suppose S(k) w-packs a finite abelian group G with packing set {a l 9 ...,a n }. Let H = {(x l 9 ...,x n ) e Z n : x λ a λ + ••• + x n a n = 0}. Then JFί is an integer packing lattice for the (k, π)-semicross. Moreover, the density of this packing is (kn + l)/!^*!, where G* is the subgroup generated by a l9 ..., a n .
Thus, finding the densest integer lattice packing by the (A:, «)-semicross is equivalent to finding the smallest abelian group G such that S(k) w-packs G. Let g{k,n) be the order of the smallest such group. Clearly g(k,n) > kn + 1, with equality if n = 1 or n = 2. Our main result is given in the following theorem.
Since the integer lattice packing density of the (k, w)-semicross is
This result should be compared with the corresponding result for crosses. Let h(k, n) be the order of the smallest abelian group G such that is necessarily rational. However, according to Theorem 1, only in the cases n = 3, 4, and 6 is rational, since only for these n > 3 is cos 2 7r/« rational. To obtain Theorem 1, we will modify this approach. While we will still consider packing sets in cyclic groups of the form (1, -b, (-b) 2 ,..., {-by 1 }, we do not demand that they form a subgroup, that is, that {-b) n = 1. Our argument is motivated by a relation between pairs of elements in these packings. To express their relation we introduce the diagram in Fig. 1 .1:
In this diagram g and h are elements in some abelian group and JC and y are positive integers such that xg + yh = 0.
In the 3-, 4-, 6-packings mentioned earlier, the relations expressed by the three diagrams in Fig More generally, the triangle shown in Fig. 1 .6 shows that
Thus (1 -a r )a r+1 = α, giving the recursioñ
I-a/ which will play a central role in the argument. With these observations in mind, the construction is straightforward: Solve the recursion, making sure that 0 < α r < 1 for 1 < r < n -1, restrict ft so that all x r and y r are integers, and then see how large k can be for that choice of ft. The size of k is the substance of Lemma 2.1; note that since in the construction x r + y r = ft + 1, k may be as large as
The proof of Theorem 1 consists of two parts. First we construct for large k an w-packing for S(k) in a cyclic group of order approximately 2 cos(π/n)k 3/2 . This will show that <2cosπ/n, which is Theorem 2. We then establish in Theorem 3 a lower bound for g(k,n) which will imply that Km ^%^ >2cos7r/« Taken together, Theorems 2 and 3 yield Theorem 1.
A construction for group packings.
We begin with the proofs of several lemmas. The first one gives a criterion for a 2-packing of S(k) in C(m). Its importance lies in the fact that a set {a l9 ...,a n } provides an w-packing for S( k) if and only if every subset of two elements provides a 2-packing. Since gcd(6, m) = 1, it follows that, for 0 < e < f < n -1, {{-b)\ (-b) f } is a packing set if and only if {l, (-b) f~e } is. Thus it suffices to show that for 1 < e < n -1, S(k) 2-packs C(m) with packing set{l,H>r}.
For 1 < e < n -1 let x e = a e 4-(1 -a e )b and y e = (1 -α J + α e Z>. Note that x e and 7 e are positive and that x = is an integer since b = I (modgj. Also, x e + y e = b + 1 9 so y e is an integer.
We will show inductively that m divides x e + y e (-b) e . Consider e = 1. We have x λ = b and y x = 1, hence x x + y λ {-b) 1 = 0, which is divisible by m. This checks the assertion for e = 1.
Suppose the result holds for some e < n -1. It may be shown by algebra that
]/(l + 6) is an integer. Writing α^+ 1 =^+1/9^+1, we see that α e+1 (l -6) = (Pe+i/Qe+iW ~~ *) i s a n integer since ^e +1 divides b -1. Since m divides x e +Λ("^) β ^ follows that m divides x e+ι + y e +ι (-b) e+1 and the induction is complete. Since we may apply Lemma 2.1 with a, b, x 9 and y replaced by 1, (-/>) e , x e9 and y e respectively. That lemma implies that S(k) 2-packs C(m) with packing set {l, (-b) Proof. We have
Thus θ = cos~1(l/(2v^)) is less than or equal to τr/n, or equivalently, n < π/θ. By Lemma 2.4, a r > 0 for r = 2, 3,..., n -1 and a r < 1 for 2 < r < n -2. Moreover α w-1 < 1, with equality holding only if a We illustrate the construction for n = 3, 4, 6, and then 5. The first three cases coincide with the constructions given above.
For n = 3, \ sec 2 (τr/n) = 1, a rational number which we may take as a. We then have c^ = 0, α 2 = 1, so /? = L = 1. Thus b may be any integer > 1, For n = 6, \ sec 2 (ττ/«) = 1/3, which we may take as a. We have a λ = 0, a 2 = 1/3, α 3 = 1/2, a 4 = 2/3, a 5 = 1, so /? = 1 and L = 6. Hence 6 Ξ= 1 (mod 6),
In each of these cases J sec 2 (ττ/«) is rational and so can be used as a. For other values of n this is not possible. Since 9 (/) cos 2 -= 2 ' we see that (1/4) sec 2 (π/«) is rational if and only if cos(27r/«) is. But cos(2τ7/π), for n > 3, generates a field of degree φ(n)/2 over the rational field, so is rational only when n = 3, 4, or 6.
For other values of n, we must let α be a rational number less than \ sec 2 (ττ/«). For example, consider the case n = 5. We have \ sec 2 (ττ/5) = (3 -/5~)/2. We may choose any rational number less than (3 -yf5)/2 0.382 but as close to it as we please to serve as α, say a = 3/8. 
A lower bound on g(/c, n).
We next develop a sequence of lemmas that will give a lower bound on g(k, n) for n > 3. The approach makes use of the smallest positive integers x and y in diagrams of the type shown in Fig. 1.1 . Let / be the largest of the sums x + y for all pairs g and Λ in the packing sets that will be considered. On the one hand, it will be shown that m < ^3sec 2 (τ7/Ό>
On the other hand, it will be shown that m > (k + l)t -t 2 /4 and from this that t < 2(k + 1) -2)j(k + I) 2 -m. Combining the two inequalities for t yields an inequality linking k and m from which Theorem 3 will follow. Proof. Consider the (k + I) 2 elements Xa + Yβ in G with 0 < X, Y < k. Since \G\ < (k + I) 2 , some two of these must be equal; say
where 0 < X -X' < k and -k < F -Ύ < k. However, since {α, β) is a packing set for S(k), we must have 1 < X -X' < k and -k < T -Y < -1. In other words, (X -X')a 4 (Y -Y')β = 0 with 1 < X -X r < k and 1 < Y -T < k. Pick integers x and y so that (x, y) is as close as possible to (0,0) such that xa 4 yβ = 0, 1 < x < k, and 1 < y < k. We will show that m > (k + l)(x + y) -xy.
Consider the elements Xa 4-Yβ with 0 < X, Y < k and either X < x or Y < y. There are (k + l)(x + y) -xy such elements; we claim that they are distinct.
For suppose two are equal, say Xa + Yβ = X'a + Fβ with X > X'. As before, 1 < X -X\ Y -T <k and (X -JT)α + (Y -Y')β = 0. Furthermore, either X < x or 7 < j>, so either X -X r < x or Y -Y' < y. If both inequalities hold, then (X -X', Y -Y') contradicts the choice of (JC, y). So assume, without loss of generality, that X -
\<x-(X -X') < k and 0 < (7 -F) -y < k -y < k, contradicting the fact that {α,β} is a packing set for S(k). Hence the (k + 1)(JC + y) -xy elements are distinct, implying that m > (k + l)(x + y) -xy. AΊ That is, m divides abc + tf'Z/c', which was to be proved. We now begin the proof of Theorem 3, which will incorporate further lemmas at the appropriate points in the argument. Let the packing set be {go> >£n-i} Let K = k + 1. are both less than or equal to ^sec 2 (τr/«). This is best possible in the sense that isec 2 (ττ/n) cannot be replaced by a smaller number.
Proof. Let a = ^sec 2 (ττ/w), a λ = 0 and α /+1 = α/(l -a t ). By Lemmas 2.4 and 2.5, 0 = a λ < a 2 < < a n _ 1 = 1, and the interval 
